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ALSTRACT

1. A Comparison of Sampling Methods for Percent Cover in Tundra
Vegetation

Line intercept and scveral random point tcchniqucﬁ are compared.
Randon point teclniques are found preferable to line intereept in
providing crror cstimates and speed of execution. Several lines with
vandom points sclected from thew is a good compromise between a simple
random sample of an arca and the speed péssib]c by restricting
attention 1o a line, A technique is given for sequentially drawing

a simple random s

ple from a line.

11, A Cluster Analysis of Satellite (ERTS) Data

Data from the Lurth Resources Technology Satecllite (ERTS) are
examined for a "natural classification. Classification eriterion
involves cormonness of classified spectral signatures and rarity of
intermediates,  Such a "natural" classification does seem to exist,
The method makes no assumptions about underlying distribution of data.
It involves order N caleulations where N is the number of recognized

different spectral sipnatures,
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INTrRaDicrion

Buta from satellites present a wealth of information about the
carth's ~urface, 7o the ccolegist it provides an opportunity to con-
sider large scale patterns and processes in ecological communities,

In order to usefully interpret these data, however, some system of
classification of pround features and satellite data is required and
the correspondence between them must be understood.

Milosophica]’y there are two approaches to this probtlem. One is.
to use fumiliar surfuce features as "training sets,'" discover how the
satellite imagery purfruys them, and thereby establish a correspondence.
In the context of vegetation analysis, classical phytosociological
techniques may be used to identify and characterize the training sets.

This may become catremely difficult to quantify, however, since quanti-

tative techniques are generally not géurod to cope with the scale of
resolution (50 m) of the satellite. As a result, qualitative assessment
is often made and a "representative subsample” (c.g., a smaller quadrat)
is taken if any quantitative work is done at all. This approach has its
greatest usefulness and case of application in agricultural or low-
diversity natural commumities.

The seeond approach is to work frem the satellite data themselves,
Here sone notion of classification is used to suldivide the duta,

2



cither in a geographic content by looking for patehes 1 a reconat tuts
image (auck like an air photo) or, in a4 more abstract sense, by ddens

tifying those combinutions of refleeted light (spectral signaturc.

oce frequently in an entirve image. In working with the satellite Jdata
i ¥ | R !

these classifications may then be superisposced on the imagery and the

resulting map of an area usecd to direct subscquent pround truth ettorts.

My investigation approaches the problem from this more abstro -t
viewpoint. It searches for a "natural" way of classifying the satellite
data themselves. My interests lie in the extent to which such a "iat-
ural" classification may exist, and the velationship between the clas-
sification units and those of a ground-basced observer.,

I have divided the thesis into two separate parts. The first part
deals with the problem of large seale sampling. I have compared several
sampling techniques for estimating percent cover in vegetation, I then
evaluated their efficiency in terms of the precision, accuracy, and
effort required to perform the sampling. From these observations 1
developed a sampling technique of reasonable precision and accuracy
and requiring little effort to perform on the large scale demanded for
satellite ground truth.

The sccond part confronts the problem of structure of the data from
the Earth Resources Technolopy Satellite (ERTS). llere I examine several
properties of the data relating to the frequency-of-occurrence of spec-
tral signatures in a portion of an image. I develep a "natural” way of
classifying the satellite data based on this frequency information.
Ideally such a technique would be fast and vequire fow assumptions

about the underlying distribution of the frequeney data to yield a
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I Lave tricd to do, Since there are not known to

be forces operating to rigidiy preserve the identity of such classif-
ication units, 1 have not required unanmbiguous classification of all
obnorved speetral sipnatares but rather develop an hicrarchical clas-
sificativn of relateduess with some spectral sipgnatures remaining un-
clussificed at more refined levels of classification.

A basic assumption in the usc of satellite imagery is that surface

vepetation differences will have different spectral signatures., I

ple form of this assumption using ground truth data

A4OVeTY sImp

collected using the sampling methodology developed in part one.



PART .1,
A COMPARISON OF SAMPLING MLTHODS

FOR PERCENT COVER IN TUNDRA VECETATLION

Introduction

The problems of sampling wethodology are fundamental to ecoleyical
inquiry. Many sampling techniques have been developed, often addressing
different aspects of the organisms under study, and often new approaches
are introduced, which claim to be "better" techniques for measuring the

same aspects of the organisms. In vegetation sampling, percent cover

is often of interest and a nunber of techniques for estimating percent
cover have been developed.  These vary in precision (repeatabiliry of

measurenents), accuracy (amount of bias in measurenents), and the of fort

required to perform the
My interest in the problem arises from the use of cover estimates
to provide ground truth for satellite imagery. In order to provide
nearly uniforn coverage of the ground on a scale comparable to the data
units from the satellite, I needed an cfficient sampling technique - -
onc which would be relatively accurate, precise, and reasonably quich
in execution. In order to select such a sampling technique, [ compared

several promising ones, and chose the one which was the most efficient,



he study v conducted on the Macomb plateau, a plateau north of
the Aliba Pange, outh of the Alacka lHghway between Delta and Tok,
Pat, 03730, g, 144%A5 W (Fipure 1),

The platean itself is rouphiy oblong, covering about 15 hmZ.
Elevarion is privarily betveen 1200-1300 m with restricted portions
dropping to 1160w or reaching 1500 m, It is underlain by metamorphic

rock related to the Biveh Creek schist with a surface mineral layer of
noraine deporits and deep organics near the lakes (liolmes and Foster
1965) . The vegetation mat over all but the highest portions of the
plateau is virtually complete. i

The climate of the arca is typical of interior Alaska as modificd
by the elevation,. Winters are cold and extend from about September .
to May, Snowfall on the plateau is moderate and the snow is much wind-
blewn., Precipitation prohubly exceeds 30 cm per year but varies greatly

rom year to year. Summer temperaturcs range from 10-30° C with light
rain showers frequent and of a few hours duration (Holmes and Foster
1968 and personal observation),

The platenu was sclected because of previous familiarity with the
area, and the relatively simple logistic arrangements. Also, the platesu
is quite flat, minimizing variable sun angle effects in dealing with the
satcllite imapery.

The platenu vepetation is tundra, primarily poist tussock tundra

characterized by Betula nana, Vaceinium uliginosum, Carex bipelowii,
¥ Betula nana, s

with some shrubby Salix planifolia and patches of Eriophorum vapinatum

(ad] species names follow lHulten 1908) .
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Species of wet twindra areas were primarily Carex agquatilis,

Friophornm aneo tolium, and I, scheonchzeri.  There were also a few

Aarcan

i coarne wand fell-ficld vepetation, while crecks and
intermittont drarpages were bordered by tall (2 m) shrubby willow
prowih.  Ateng the southern edge of the plateau rise mountains of the

Alaska Kange with bare rock and lichen-crusted rubble slopes as well as

tarn lahes and 11 placiers.  To the southwest and west are the

Johmson Glacier and Johnson River, a placial meltwater river with
miarkedly braided channel. To the north is the precominantly spruce
forest of the Tunana River valley. To the cast is more upland tundra
vepetation.  7The plateau itself has sevefral small lakes or ponds on it.
Two squarcs, cach 100 ft (30.48 m) on a side, were selected for sampling.
They were located in two different vegetation patterns. One, which was
sampled most intensively, was located in a Carvex bigelowii tussock

arca which was striped by drainages about 10 m apart which contained

E. anpustifoliun and a diminutive form of C. aquatilis. It was sampled

the first part of July. The sccond square, sampled in mid-August, was

in a Dryas-lichen-low willow area -- a drier site than the first,

much better drained, and sandy,

Methods
Sazpling in the two squares was done using several techniques
which scemed promising in view of the intent to relate ground informa-

tion to satellite data,  The squares were treated as populations from

which various types of smmples were drawn.  The different sampling tech-

niques were all variations on point sampling. A point was located by some



critevion and the species of the uppernost plant was pecorded, wioe it

Lant ded, mi i
is the uppermost layer which is scen by a satellite, The notion o
“species! for these sampling purposes was extended to include other

surfaces soch as dry, dead (usually light brown) plant material; dork

brown to black decaying ory:

tie material; water over decaying o

water over sand; amd sand.,
The sampling comparisons may be subdivided into four parts in a
2x2 array. The relationships examined were (see also Table 1):

I) line intercept sampling: methods of sampling which approa-
I i f 1 ¥ |11

imate line intercept's precision but which arce less time-const

especially in finely divided vegetation.

(11) randem point sampling from the entire square: methods wiich
may be used to approximate random points' accuracy but which are less
time-consuming or more suited to an oriented sampling (as along a
transect).

Under cach of these basic sampling styles were two considerations
in estimation. The basic thought is that sampling may be done for two
principal reasons:

A, Lstimates of the importance of a single species in comparison
with all other species which may be present.

B. [Estimates of the spectrum of species which are present, and

their relative importances.

These two classes of cstimates are not necessarily inconsistent with
cach other. In terms of the cfficiency (which includes aceuracy, pre-

cision, and effort) of a sampling procedure, there may be differences,

I used two variations on line intercept sampling. My standarl of
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oSt of percent cover estimate comparisons.

I, Line intercept sunpling and two alternatives

W oof reference - line intercept

1) Iutensive randor points

2) DPominant sp on 1 ft

uple random sa

ple of points from the square and five alternatives

Standard of reference -- 1000 random points located using x-y
coordinates

1000 randen peints gencrated by random walk
100 random points on the center line
100 random points divided onto two lines

100 randow points noruslly distributed around the center line

Line intercept techniques from I (in the tussock square)

Under 1 and 11 above, I considered:

A,

Individual species estimates
1) Overlap of confidence intervals with reference technique
2) sign test for bios

Fetimates of total species-spectrum Matusita distance from
reference technique

These comparisons may then be visualized in a 2x2 array:

1A I1A f

1B I1B



reference was a line intercept sampling with a vesolution of niv:

measurements of .01 £t (3 ma) along a 20 ft (6.1 m) scument. As one
alternative technique, T also sampled 200 randonly located point:
the same scgment, The points constituted a simple random sarple of

the line and the precision of locating points was 00 tt (3 mm). The

other alternative technique recorded the dominant spe
of the .1 ft (3 cm) intervals along the 20 ft (6.1 m) segment. |1
sampled five such segments, cach 20 ft (6.1 m) long lying in parallel
lines with random starting points. This sampling was done in the tus-

sock square. The line intercept references proved so time-consumi

that this sct of comparisons was not attempted in the Dryas square,

As alternatives to truly random sampling from the square, I used
four sampling techniques. The standard of refercence was 1000 points
randomly located by cartesian coordinates drawn from a random nunmler
table., On the tussock square I have the line intercept data as another
comparison., The first technique (theoretically a good approximation to
random point sampling) was a random walk pgenerated by starting at a
random location in the square, spinning a soda-straw spinner, and taking
five steps in the direction pointed by the spinner. 1 reflected off

the flagped bound: of the square when 1 encountered it (five steps

was about 10 percent of the square's diagonal, making successive points
well distributed avound the square). A wire with a needle on it was
then lowered and the first species touched was recorded,

I also wanted a method which would be readily adapted to the tran-
sect style of sampling. With this in mind, I sampled from the squares

using 100 randomly located points normally distributed around the center
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1i of 1he
sleitang 11

il 100 porrad 1y distriboted randon numbers for the y-coordinates. The

» fr (1524 m) and ianee

as 16,7 ft (5,09 m) to put all

(~00%) of the peints in the square,  This would be adaptable to a tran-

sect sarpling schene and would sample in a way analogous to the reflec-

tance ling of the satellite.

Sinee Joc:

points using ordered pairs is time-consuming, I
also tried two techniques related to the line intercept on a coarser
scile.  One was a simple random sample of 100 points along the center
line, The other was a simple random sample of 100 points along a pair
of lines 16,7 ft (5.09 m) cither side of the center line (one standard
deviation of the normully distributed random numbers). These 100 random

points were randenly partitioned between the two lines.

Confronted with the prospect of much work with random numbers along
line segnents, 1 developed 2 method of scquentially taking a simple ran-

ts along a line segment. It involves transforming

domn sample of poi
uniformly distributed random numbers into exponentially distributed
random numbers which may be taken as random intervals to be laid end to

cnd along the sepment.  The exponential distribution of segment lengths

insures uniform distribution of the resulting endpoints (see Appendix
1.

A method of data recording that 1 found particularly well suited
to these point-type sanpling techniques was to code species names in a
two-letter code (e.g., initials of genus and specics) and keep records

in o cross-scetion book,  In this fashion the squares of the cross-



section ruling hept tally of the nubber of point:

fairly rapid tallying of species occurrences onto
later time.

Interpretation of the duta under sampling obje

tive (A) above was

done by considering all the technigues to genevate binomial variates
with the species of intercst achieving Np observations where N is the

total number of s:

le points and p is the probability of occurrence

of the species of erest (i.e., fraction of total cover). This as-

ation

sumption is valid for considering the eatire square as the pop

in the case of the 1000 randemly located points and for conside

the line as the population for the 200 random points on each line-

intercept segment. It is only an approximation for the other techniques,

The approximation is poor for the .1 ft technique and for considering

the line intercept scgments as a sample of the entire square,

most values of p are small, the usual normal approximation for lu

N is poor and confidence levels based on normal statistics for the ob-
served values of p ave misleading. In particular the lower limit often
goes negative which is a conceptual impossibility., Binomial confidence
limits are tabulated, however, with approximations for large N and
interpolation formulaec (Diem 1962). I then tallied the number of spe-
cies for which the 95% confidence limits for the reference and alter-
native technique failed to overlap. This number was then compared with
the number of times such events may be expected to occur by chance
(binomial p = (.05]2 = ,025) (Table 2). As an indicator of bias, |
also treated the cover estimates for cach specics as sepavate pairwise

observations, comparing the reference technique with an alternative
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foot cecurveaoes noof non-overiapping 95% confidence inter-

vals for sinple spocies comparisons. nois the nuwber of species for

which the 805 bhivonnal confidence intervals for the standard of reference

apd alternative technigue failed to overlap,

I. Linc-intercept Line Number

(1) (2) (3) (4) (5)

Intensive random pts n=0 =0 n=0 n=2 n=0
Dominant sp on .1 ft n=0 n=0 n=0 n=0 n=1
2.5% sig. level n#2 nz2 n=2 ns2 n=2

17. Random Points:

Intire Square Tussock Squarec M Square *
Random walk n=0 n=1
Points on center line n=2 n=3 .
Points on two lines n=0 n=1
Points normally dist, n=0 n=2
Line intercept n=10
Intensive random pts n=4
Dominant sp on .1 ft n=6

2.5% sip. level n<d nz5




technique using the siga test (Tabie 3) (O-tle 19n3)
For sampling objective (B), I found no coupletely satistactory

zes and the tre-

test.  Complications arose due to differing sample

quency of null obscrvations in cither my reference (LO00 randon p
or alternative sampling chhniquun. Also, the fact that my referonce
was only an estimate amd not a true hypothetical distribution made
certain tests unacceptable. These difficultics render the usual tests
such as chi-square, log-likelihood ratio ("G') and even divergence, a
powerful measure velated to "G and used for pattern recognition in con-
munications theory, either undefined or undesirable since they would
effectively ignore segments of the data. 1 did find a test (Walsh 190.2)
which I wsed here as an index of the success of the sampling procelures
in displaying a spectrum of species. It is called the Matusita dis-

tance function defincd as:

1
o(p™,p(®) - (& (Jlii‘” = pi[n})z):/z

(Jy . .
where P; is the fraction of occurrences devoted to species i using
sampling technique J; Py is the reference sampling technique; and

u is the total nuuber of species. It is a distance measure for frac-
tional data. As such, it measurcs the amount of difference between the
Siicios Aieeten AINET by ; i (0

species speetra given by the reference sampling technique p and the

@

Note that this is an abstract dis

alternative technique p ance
measure in a u-dimensional space, each dimension corresponding to a

species.  The Matusita distance function may be seen as the Luelidean

distance between the unit vectors ( fpch), 'p,(J), T “u(J)] o
f5 (o { [ o
( pll ). le }, s put(]]. This measure has the desirvable



Table 3,

estimativns:  + = Overe 1

- = underestinate
M

differcnces

16

Tablies for the sipn test for bias in species percent cover

ale with respect to reference technique

sipnificant at the 5% level are marked *

. Lince Intercept Comparisons

Line Rumber

| M@ () () (5 Total
Intensive randonm pts + 8 10 11 8§ 12 49
- 12 13 9 14 10 58
95% ranpe 5-15 6-17 5-15 5-17 5-17 42-65
Dominant sp on .1 ft + 5 9 8 8 9 39
N
- 14 13 13 14 12 66
95% range 4-15 5-17 5-16 5-17 5-16 41-64.

11, Randem Points: Entire Square
Tussock square Dryas Square
Random wialk + 13 23
- 13 29
95% range 7-19 18-34
Points on center line + 8 15
*
- 23 34
95% range 9-22 17-32
Points on two lincs + S* 15
= 23 34
95% range 9.22 17-33



Table 3, continued.

Tussock Square Dryas ©
Points normally dist. + 10 15 .
- 21 35
95% range 9-22 17-33
Line intercept + 15
= 21
95% range 11-25
Intensive random pts + 11
- 19
95% range 9-21
Dominant sp on .1 ft + 11
- 22

95% range 10-23
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properiies that it in well defined for all possible values of pi(J) and
i ; :
p_( Pt decn not erphasize small values of p; as much as the other
T o )
statistios,  The hypothosis !!( asserts that the reference sampling
)

techintone vields the sie distribution as the alternative method J,
apainat the alternative hypothesis that the distributions differ by a

specifiable amount. he genceral test states: reject “O 52

h:(p[nj. p(Jj) 2 LRy significance level min (=<, 1/B). B
may be chosen so as h\’h:‘::nd the significance level and «=

{nz -1+ % 2 -u - u2 + fgi I/pi(o))J / ((u - ]}5)2. This however
docs not treat ¢ (probability of type 1I error) which is of concern

here since detection of possible differences is the point of interest.
Conscquently, 1T use it only as an index and can attach no ¢ significance
levels to differcnces in the values of the measure. Note that the range
of possible values for ihe Matusita distance is zero to two. Note also
that < involves tvrms-lfpi[Q) which is infinite when the reference tech-
nique fails to detect a species. Hence for a 95% significance level B

mist be 20, making the rejection level about .8 for 41 spp. and 1000

points.

Result

and Discussion

Fipurcs 2 and 3 contain the reference data from the 1000 random
point swpling of the tussock and Dryas squares. As may be seen from
the figures, both squares were “dominated" by dry dead vegetation.
Dominance in the tussock squarc was quite pronounced (most of the dry

i) while the Drvas square had a more

dead vepetation was Carex bi

equitable distritetion of cover among the species preseat. Most of the
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ey e

Saley planidolia

Nravas o tonetala
Retda wana
Capven ot
Cladonin v
Cetraria oo

Falvireches (1)
Cavex bipoleann

Vaceinium uva-ursi
Ancmone parviflliora
Cetraria islandica
Thavmolia sp,
lvlocomiun sp.

Pyrola sp,

Aconitusn delphinifolium
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plants in both squares were less than 20 cm hiph and birceh anld w: ! lows

were scraggly.  In the tussock square this meant that the Line

cept technique Laborious due to the extent

interdigitated. The Dryas sguare was similarly interdigitated se the
Line-intercept comparisons were not done there.

I. lLine intervept
t

A. Data from the single-species comparisons are arized in
L . H

Tables 2 and 3. From Table 2 it appears that assigning confidence limits
based on the binomial assumption is reasonable when using cither of the
alternative sampling techniques as an estinate of the line intercept
values, Roth techniques were far less time-consuming to perforn than
line intercept itself, The .1 ft technique, however, does comsistuntly
under-represent the rarer species, giving rise to a significant bias
when considering all five sepgments topether, This makes sense since
the rarer species would seldom dominate the .1 ft (3 cm) segment. The

intensive random point technique does very well and yields pood estin-

ates which are not significantly biased. It docs have the disady

of being somewhat slower in practice but has the advantages of being
inscensitive to patchiness and minor disturbances such as loving one's

place or bumping the tape measure, Fuvthermore, the tintics of the

sample, considering the line as the population, are pr

B, Matusita distances s

gest that the random point and 1 1t

o

methods are closely comparalle as estinators of specics spestrun,  fhe

differences are s

a1l and the sampling here of five sey

Justify rejecting the hypothesis that the two meihods are o

the basis of the sipgn test (Ostle 1863). Values of




A RER SFITTY melten are praphed in )

ure 4,

T dane dntercopt nethed is o highly respected sampling technique
(Cracp oot Toed) o nfortunately, however, in this type of vegetation
it i dncredihly tineeconsuming, requiring many hours to complete just

one S0t (6L m) segnent, This may be contrasted with 20 to 30 minutes

for the Porsive randon point method and 10 to 15 minutes for the .1

ft (3 cn) vethad,

Data for the single-species comparisons are summarized in Tables
2 and 3. 1 have alse included the composite data from the line inter-
cept comparisons. 1 have taken the 1000 randomly located points as the
standard of reference for estinmating actual cover values and compared
others apainst it. On a species by species basis all techniques do
reasonably well, In ﬁnrt this is duc to the wider range of valucs in
the tolerance regions for those estimators using fewer points.

The large number of point-cquivalents (10000, since resolution was
.01 £t (3 mm)) for the line-intercept method restricts its tolerance
repions, making its estimates poorer than-the others in terms of overlap

of confidence intervals, It shows no significant bias, however.

As expected, the random walk technique of approximating uniformly

distributed variates worhed excellently. Virtually all its estimates,
both of individual specics and of species spectrum, are very close to
those of the points located by cartesian coordinates. The simplicity

and specd of the technique stronply recommended it over the use of

cartesian coordinate methods which are more involved and slower. In a
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would need to bhe

Iavaer arca the nuaber of paces between pois

creased.  In such situptions the savie:s po f1u t %
in the preparation of a cartesian coordinate methol Ip out-
weigh the simplicity, convenienve, and relative frecdon of the 1.

wirlk.
Often the interest is not in a particular area but in a rogd

along some line. The vange of interest on cither side of the Jine @uv

not be well defined yet an estimate may be possible
volved just such a problem. 1 did not know how my transect would cross

the digital picture units of the satellite data; 1 knew the apnros-

imate dimensions of the picture units' cover

¢ on the gro

in order to have reasonably narrow tolerance ranges on individua!

species cover estimates, I wanted to have about 200 drta points in cac
picture unit., One possibility was to consider points which were wcat-

tered around the tra of interest, much as a regression line has

obscrved vialues scattered around it.  This was the rationnle for con-

sidering points no 11y distributed around the center line. Tor

estimating cover in the squares, the method worked well, showing good
ovcrlnp.of confidence intervals with the reference of 1000 random
points, and showing the species spectrum, It does show significant
bias, however, but only due to a record of zero for specics of low
occurrence.  This problem is inherent in lower intensity sampling.

.Accnracy is good for observed species. Since it is a cartesian coor-
dinate method it was very time-consuming and preparation involved twa
kinds of random nuaber tables

At the other extreme is a collapsing of all the points outo the
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transect Dire gteelf. Ghis technmique elinenates the second type of
Futads aedis, 3 awhbro the scecid tape measure used to achieve the
second cordinnto, Yo ampte the same suber of points it takes about
Grivssiath the tive that using ma a-y coordinite systen does. Sampling

Lie, howevers, is more susceptible to idiosyncrasies

of the sevetation under that paetienlar sepment and may give a distorted

vicw of the vegetation, Wnile the method pave reasonable estimates of
individio species cover, it pencrally did not Jo se well as the other
methods wad did the poorest joh of reflecting the species spectrum.

It also, of course, shows the same hias that the nornally distributed
points did, .

nce of the normally dis-

As a compronisce hetween the fine perion

the center line and the use of random

tributed scatter oi points around

points on the center line itsclf, I also tried using two lines, ecach

with half the

mpling intensity of the center line technique. The
improvenent over the center line as the method of estimation was guite
substantial and it took only sliphtly morve time to perform, due to
setup tine for the tape measure.  As with the other two techniques
involving: only 100 points, it does show a significant bias as a result
of undrr-rcércﬂon:ing the rarcr species.

As Grieg-Smith (1964) points out for line-intercept methods, scveral
short lines are preferable to once long onc. Similarly, with the point
techniques, with sanpling inronuit} on lines replacing line length, the
imiting case (essentinlly one point per line) is that of the 1andomly

located points,



(1) 1In the

y divided vegetation simpled here, the line int

cept technique for cover estimation is not justified. It is too time-

consuming and cosparable estimates of hoth individual specivs cover
values and the spectrum of speeies may be obtained in about /10 ta )y

the time using cither intensive randon sampling of points from the linc:

or the dominant species over .1 ft intervals. The randon peint sothad
is somewhat slower but it apt to be less sensitive to patchiness of
cover,

(I1) For arcal sampling, accuracy of estimates increases with the
dispersion of the sample while precision inercases with s mpling inten

sity. A random walk was an excellent approximation to random points

located by cartesian coordinates. It is much faster and less dem
to execute. For sampling a transcct, the trade off between the dis-
persion possible with a ramdom scatter of points around the line and
the reduced time involved in sampling on a single line may be met quite
well by dividing the sampling effort inte more than one line (here twol.
A simple random sample of points along a line ay be taken sequentially
by transforming uniformly distributed random variables into exponen-

tially distributed random variables. A considerable saving in cither

mpling time results,

preparation time or s



PART 1.

A CLUSTER ANALYSITS OF SATELLITE (ERTS) DATA

Introduction

Satellite dmagery provides a superb opportunity to study large-
scale pattern in vegetation. One of the biggest problems in such in-
vestipations is sampling, and the Earth Resources Technology Satcllite
(ERTS) does just that. The form of the sample is reflectance in four
spectral bands. .Thry are: Band 4 (530-570 nm), Band 5 (570-630 nm),
Band 6 (640-080 nm), Band 7 (710-750 nm). From this basic sect of data
two assunptions arc commonly- made to relate the satellite information to
ground features: (1) different reflectances imply corresponding dif-
ferences in surface features; and (2) the set of observed reflectances
(of hands taken singly or in concert) may ‘be subdivided for purposcs
of classification. l

My interests are:  to what extent is assumption (1) true when the
surfuce feature is vegetation? and, is there a pattern to the data
which suppests a "natural"” classification of vegetation analogous to

that which exists with living orpganisms?

a1
Wit from the satellite arce subdivided in several ways, One form is

28



the Mscene" which vorrespond- rouphy to a et b fEaey o 1

surface, The digital Jata tor a 13 further subuiiyvide. to rour
vertical strips cuch of which is divide! inte fonr Dlocks, proort dons
of a scene T have exanined in one of these bloel vy 0 kmeoonoaoosaste L

The ground area it covers is an arca ine Phat e n
the plateau 1 sanpled along ¥ transect running between two visihi

in photographic reconstructions of the digital data (Figure 1), Ihis

sampling was done the last week in July and the first week in Augtint,

The plateaw was chosen as the study arca because of its relative deces-
sibility, my previous familiarity with the area, and the minimization
of sun angle effects since it is flat. The choice of the entire 40-km

square containing the plateaw was made to facilitate handling of the

digital data. 7The scene chosen was the only cloud-free summertine i

available, taken on August 21, 1972,

,
The vegpetation of the plateau is primarily moist tussoch tundra

(Carex bigelowii, Betula nana, decumbent willows -- Salix spp. == and

patches of Eriophorum vaginatun), with some arcas of wet tundra (Carex

aquatilis, Eriophorum angustitolium), and Dryas-dry sand communities,

Some of the drainages arc overgrewn with tall (2 m) shrubby willows.
Along the southern edge of the plateau are mountains of the Alasha

all

Range having buare rock and lichen-crusted talus slopes, as well as
glacicers and tarn lakes. To the southwest and west are the Johnson
Glacier and Johnson River, a glacial meltwater river with an extensively
braided channel. North of the plateau are the predominantly spruce

forests and marshlands of the Tanana River valley, To the cast

Perry

Creeh and more wpland tundra vegetation.
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To test the validity of assumption (1), that reflectance difference

Pindicator of vepetation difference, I sampled along a transect

3,95 hm-dong.  Sumg

ing was done on two lines 30 m apart. Peints were
Jocated alonpg the lines so that o simple random sample of points wus taken
with an copected density of one point every .61 m (sce Appendix I). The
uppernost plant species under cach point was recorded as percent cover.
The digital picture units (pixels) of ERTS imagery correspond roughly

to rectinpular repions on the ecarth 69m x 50m, The actual ground area
from which the associated reflectance values are derived is some 10%
larger (7V2m x 52m) and there is overlap in coverage between adjacent
pixels. My transcect diagonals across 41 pixels arnd the entire portion

of a scene analyzald includes 473,850 pixels,

Since 30m is bencath the resolution of ERTS, the two transects are
effectively one line Qith a point density of one point cach .3 m. The
simple randem sampling of each line was made, sequentially, permitting
subdivision into segments cach lying within a single digital picture
unit (pixcl). The transcct itself extends bLetween the north ends of
two Jukes that are visible in the EuTé scene, making location of the
sampling arca possible,

The four spectral bands that arc monitored by the ERTS satellite
are in the bluc-preen, orange, red, and near infra-red portions of the
spectrima. ERTS has a sensitivity to 256 discrete reflectance valucs in
3 of the bands, 64 in the near infra-red band. This provides for over
a billion (actually 256° X 04 = 27" = 1,073,741,824) different possible

combinstions of reflectance among the spectral bands,



n Conr-dis onsa 1

The four spectral bands may be uaed as anes i

space with the coordinates defined by the vange of pussible pres il

values.,  As a measure of the difterenve betueen two i {F

ations of grey scale values (spectral siganatures), [ ose o Jist oo

measure in the four-space.  Since only discrete values of the prev o
points usang o tass

are possible, I chose to measure distance between ]
cab or absolute value metric, assigning integer vialues 1o the set of

possible values:

Distance between (x,,X,,X.,X%,)
12

and (y1,yyy5¥) = Jxp-y |+ lxper,| o

i.e., d(x,y) = }1_ |Ki-)‘i|
124

1
To mcasure the difference in the species composition of arca: on

the ground corresponding to two pixels, 1 have used the Matusita Jistanoe

< S - 2 M ¢ (J) (W)
function (Walsh 1062). It is a measure of the distance D(p W )
between two multinomial distributions:

Py £ and  py *)

: 2
m) 112

a number of desirable properties,

pe™,p ™My =

The Matusita distance function has
Its usual application is to multinomial distributions, Percentaye cover

as usced here is such a distribution, Inferential statistics have been

developed for it which permit evaluation of the significance of Jiffer-



e buteecn the sampion (Walsh 1462), It places a moderate emphasis

on catororics (species) of low protlubility, neither ignoring them nor

¢rs of hipher probability.

To iwhe the desired corparisca 1 have used the two distance measures

as coordinates and plotted all possible pairwise distances between fif-
teen piacls along the transcet,  The extent to which a very simple version

of as: tion (1) is valid is reflected in the correlation (mot ncces-

sarily lineay) indicated by the pr

The nethod 1 have used for clustering pixels once again uses the
four-spiace as a means of structuring relations between spectral sig-
natures. In order to reduce the problem to one which could be more
readily handled, T reduced the billion different possibilities to ten
thousand. This wgs done by restricting attention in each band to the -
range of values which are commonly observed. For ecach spectral band I
exanined the number of pixels having each of the 256 (or 64) possible
reflectances,  The histograms were readily made using programs alrcady
available,  The final four-space to be examined was to consist of ten
units on a side,

Each spectral band was subdivided into twenty-three categories (sec
Fipure 5). Categories 0 and 22 were the tails of the bell-shaped fre-
quency distribution.  In between were 21 cqual-sized subdivisions of the
grey scale,  Depending on the dispersion of the frequency distribution
for that spectral band, cach subdivision was composed of cither onc or
two of the original grey scale units, Subdivision of the region of
interest into 21 pieces allowed the construction of two different four-

dimensicnal spaces, corresponding to grouping together adjacent grey



Figure 5. Subdivision of grey scale for the two histograms. The orig

grey scale for a single spectral band appears in the leftmost column

(truncated at 33 for cconomy in the figure, actually scale extends

to 255 [or 63 in band 7]). The 23 subdivisions which lump the tails
of the distribution and provide equal sized subdivisions in the
rewaining 21 are shown in the sccond column. The third and fourth
columns indicate the final groupings for the ten cqual-sized sub-
divigion5 for the pair of four-dimensional histograms analyzed, This

procedure was done separately for cach of the four spectral bands,
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scile values firvst as: 1.2, 3-4, 5-0 .,

o w0200 Leaving PO mz, oh
frame-shifted as 2-3, 4-5, 0-7 . ., . 20-21, leaviey out 41, In this was
I would have an indication of the s¢ tivity of liter work to the ar

ticular grouping choice.

After I defined the four-space to be used, o four-dimen.
gram was made,  Hach cell {4-tuple) in the histopram contained a tatly
of the number of pixels in the 40-km square having the corresponding
coordinate set. This histogram served as the basis for the rest of the
classification effort. It was this space that was examined for clu ters.

To begin looking for clusters I first adopted some convention::

(1) The only neighbors of a point are its orthogonal ones (i.c., those
which differ from the given point by exactly one unit in one and
only one coordinate).

(2) A path from a point PU to a point 111 is a sequence of points }\“

0

U v o ar n Ie a4 M P \l 3 - TeE
]I'F2 ol 1“ such that l1 is a neighbor of PD' i: is a nei

of Py . .. P is a neighbor of S

(3) Pixel density at a d-tuple, R (P) refers to the number of pixels
from the 40-km square which arc assigned to the associated cell
(4-tuple location) in the d4-space,

(4) Two points Py,P are in the same cluster if and only if there is
o path PU,PI $55 Pn such that pixel density at each P, is e
less than a specified cutoff value c¢.  (Note: If pisel density
at a point is less than ¢ it cannot be in a cluster amd hence

unclassified).
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oonal analopy to discuss mimy of these

I will use o two-dim

relationships,  The underlying d-space is represcenied as the sca-level

projection of an arca on the carth's surface. Pixel density at the cor-
responding points may be visuslized as a mountain range above the points
in the data,  Two points are in the same cluster when there is a way to
pet from ene to the other without poing below a specified contour line
(cutoff value). The definitions of neighbor and path are adaptations of
these ideas to the integer-valued coordinate system of the four-space.
It amounts to overluying a contour map with a chessboard. Neighbors are
then the single-square moves of a rook and points are in the same clus-
ter if they may be reached by a rook without crossing the specified
contour.,

With these bgsic conventions I hoped to formulate an idea of -
cluster which is close to that used in biological notions of taxonomic
units, Since the [RTS sampling is exhaustive in the arca of coverage,

the data contain "population size" (=frequency) inforpmation for cach

possible spectral signature. As in biological notions of taxonomic
unit, my definitions yield a taxon when a particular character set and
variations on it are common. A rarity of intermediate forms permits
distinction from other taxa, As will Le scen later, this notion is a
bit too restrictive. It scems that rarity must be relative to yicld
desirable propertics in a final classification.

To identify clusters, the 4-dimensional histogram was first con-
verted into an array of zeros and ones. If ¢ (P) <c the point was
assipgned a "0" and if ¢ (P) ~c the point was assigned a "1", This cor-

responds to peints being unclassifiable (below the contour) and



classifiable (above the contour) roopect tvelys 1 worked ont oo g
for identifying clusters fron this new array. It owas not well suitol

uter execution, however, and instead a "tree-scarch” tochni e

15 used to associate points which are in the sawe cluster. il
systematic way of starting u{lh an initial point to be classatfiad,
scavching out a neighbor which may be classified (has valuc LAY b
finding a neighbor of it with value "1™, and so on until all polnte in

the cluster have been found. A scarch is theas bey for another point

with value "1", but which has not yet been ¢l

The process was done for 65 different cutoff values in cach of the

two histograms. The output was the number of clusters, the nuisber of
pixels in cach eluster and the number of 4-tuples in cach cluster in

4-space.,

-shift in making the two histo-

grams I examined three properties of the data: two involving the g

structure of the histograms and one of their finer structure.

Results and Discussion

In Figure 6,15 digital units (pixels) were compared pairwise in all

combinations. chct:tlion differences for the corrcs]\onding rround

sampling were measured using the Matusita distance function. Spectial

i

signature Jifferences were measured using the taxi-cab (absolute v

distance function. A point on the graph indicates a single pairvi
comparison of two pixels with x-coordinate taxi-cab distance between

their spectral signatures and y-coordinate Matusita distance between

their vegetation., These distance measures ave abstract me
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FIGURE 6

Graph showing lack of correspondence between
Vecetation differences, as measured by Matusita
distance; and spectral signature diftcerences, as
measured by taxicab distuance.,



differvnce between a pair of observad data sets.  Matueita distanee is

uscd as a distance in p-dimens<ional "egetation space,' cach

representing a ospecies, while the taxi-cab distance is used in a 4

dimensional “spectral signature space, 't each dincasion representing o
spectral band,  The scatter of points shows that this naive form of

assumption (1) is wrong, Spectral sipnature differences Jdo not hive

a simple relationship to vegetation differences.  Small diffe:

MCes in
speetral signature may relate to larger ditfoerences in vegetation, and
vice-versa, In this regard it is unfortunate that my transect hud the
degree of homogeneity that it did. It might have been nice to cross a
more heterogeneous tract of tundra but of the three legs of the triangle
defined by the three ERTS-visible lakes on the plateau the segnent
chosen was the most heterogencous.  However, ERTS is capable of distin-
fuishing differences here: of the 41 pixels along my transect there
were 38 different spectral signatures (all similar but different), It
is possible that the disparity in correspondence is duc to excessive
sampling variability in the greund sampling in spite of over 300 data
points in cach pixel. This suggests that careful study is necessary to
determine the vegetation chavacteristics which contribute to the oh-

served differences, One important consideration is the date of the LRTS

scene: 21 August 1972, It is not likely that the vepetation had changed
significantly in the 2 years between the time the ERTS data were tahen
and the time my sampling was done, but 21 August is late enough in the
scason that scnescence of some plants is under way., Many plants

(willows especially) have begun to drop leaves or die back so the cover

estimites made several weeks carlicer in the Season are no longer so pood
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weeare desired, Cloud cover made more recent

carlier in the season uscless,

Theeo ditficultice peint out some important considerations in the

use of Lo Avzilable imagery may not always be ideally

suited to the type of information desired, A person interested in sur-

featares is hindered by cloud cover. As such, it is desirable to

rery to be used as fruitfully

nit available

investipgate ways
as possible,  Sutellite and pround information are almost never contem-
porancous and dmportant changes may transpire. The scasonal changes at
issuc here are one cxample. In onc sence the composition of perennial
vepetation does not change. llowever, the* composition in terms of cover,
which is what a satellite "seces," may change through the scasons, My
sampling was aimed directly at the cover relationships a satellite
monitors by reflectmmce, As cuch it is particularly sensitive to such

chian Estimates of species "importance'” in terms of cover will
! i i

chanpe drastically with senescence of plants when one of the “species

is dry dead plam terial.  1n order to gain a detailed insight into

the correspondence with satellite imagery, it scems necessary to have
more information chronicling the nature of such changes on the
ground,

Ground sampling itself is an important problem in heterogencous
vegetation communitics, Differcnces from place to place can nearly al-
ways be found, Dot whether their magnitude is due to population differ-
cnees or sampling variability is often open to question. The Matusita

disxtances observed here are not large.  Considerations as outlined in

Part 1 for detecting significant differences indicate that, in general,



the zampling intensity mnd nunber o species involved

venl stateneats even asserting the observed difterences to be sipnt
icant, to say nothing of theiv magnitudes,
Another difficulty is the mathematical one concerning the nature

of a correspondence between distance m

isures.  Simplistically it scems

that such a correspondence would be straightforvard., It is not. Iven

considering the plane, using two distinet distance measures, the cor-

respondence is poor. Consider the taxi-cab and Fuclidean distances of

length 1 around the origin., The taxi-cab metric "unit circle" is a
diamond with vertices (0,1); (1,0); (0,-1): (~1,0) while the Euclidean
unit circle is a circle of unit radius. These distance measurcs aprec
at only 4 points (the vertices of the diamond) and have varying amounts
of disagreement everywhere clse.

The virtual coincidence of data points in figures 7 and 8§ gives an
indication that there is very little grouping effect on the large sculce
structure of density in the histograms. Figure 7 shows a very ncarly
lognormal distribution of occupancy of points in the 4-dinensional histo-
grams by picture units (pixels). The logarithmic probability paper
yields a straight iinc when the distribution is legnormal., The x-aais
indicates the cutoff value (the minimum nunber of pixels which nust he
associated with a point [4-tuple] in the d-space). The y-axis is the
percent of the pixcl-bearing d-tuples that have a pixel dJdensity ex-
ceeding the cutoff value. By analegy with the work of Preston (1908
d-tuples were treated as species and pixels were treated as individaals

to be distributed into species. The distributions from the two histo-

rams are virtually indistinguishable.
IS ) ¥
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Fignre & shows amother similarity of the pair of 4-dimensional

I cach histopgram the points in the 4-space (4-tuples) were

ranhed,  The one hoving the larpest number of picture units (pixels)

associatod with it was janked 51, the second largest #2, ete. The
yv-axnis then indicates the total nonber of kilopixels (units of 1000
pixels) arcummlated in all the 4-tuples of rank less than or equal to
the rand dindicated on the x-axis. The ranking was accomplished by the
clustering procedure at different cutoff values. The points resulting
from the same cutoff value in the two histograms are connected by line
segments,  The data points for histogram II are consistently lower than
those for histogran 1 since histogram II contains fewer pixels. The
overall shape of the curves, however, is much the same.

Neither of these treatments gives any indication of the structure-
of the clusters thruugh different cutoff values (i.e., changes in the
apparent terrain as a result of the two different grouping procedures).
To indicate this effect 1 traced the histories of the different clus-
ters from one cutoff level to another based on the information about
nuwnber of pixels and nuaber of d-tuplgs. I was nearly always able to
determine wnambiguously how much a cluster shrank going to a higher
cutof{ level. I then used this information to make a stylized cross-
section of the mountain range.

Figures 9 and 10 help to illustrate the "topography" of the 4-
dimensional histoprams.  The vertical axis indicates the height of the
various peaks over the d4-space.  Scparate peaks join at the cutoff value
which no lonper permits them to be separated. A line parallel to the

< base in peneral will have several segments lying below the curve. Each
8



QLY jgogn)

el
Y \ o o
v o L v
i . ~ & ¢
. FETOT ol SR (N (PN

]
i
A
|
i
4
1
!
i
| E
t

|

FIGURE



46

Sy Jjorng)

*(3x21 35s) | wesdolsTYy [BPUOTSUIUIP-p JO ,U0TIDIS-SS50ID,, PIZTLAIS Or mm:w_u
1

—

fl'
E,



such ‘sepment repres:

paratetcluster distippuishable at tha

cutoff value., The iength of such a seqment indicates the o

her ot

The inverted pyramid on i

picture units (pixels) in the cluate

right is a scale for the length of such seyrentsz, A horizontal esment

in it shows the length of a4 sepgment representing ¢ pisels where ¢ is 4

cutoff value. At the s: time it shows the 1

1th of a segment repe

resenting a single point in the d-space having ¢ pixvls associated with

it. Note that there are three ditfferent scales for the cutoff value

axis. In constructing the graph from the basc, whenever there was a

choice about the positioning of a cluster, the largest one was put
on the left.
These graphs indicate the terrain over the d-space.  They show

that there is basically one big meuntain with a number of spires

coming of{ it. of the spires are quite well defined and maintain

their integrity across a wide range of cutoff values. For the mo-t part

they arce extremely localized in the d-space, consisting of only one or

two d-tuples. Com ng the two histograms it appears that the clus-

tering is sensitive to different association of units in the grey scale
but even so there is a rough correspondence between the two graphs,

Tt is clear, however, that no one cuteff value will serve to distinguish
all the spires that do exist. This suppests a revision of the notion
of cluster to invelve these peaks and their locations in the 4-space

with less importance attached to a particular cutoff value. Successive



S

Gutolt wadues may be anad, Lowever, to indicate affinity between peaks
vielding an hicrarchy of relatedness and the levels at which these con-

nections exist,

another way of thinking about these graphs, relating

This =t

them to the dendrograms of numerical taxonomy. The "peaks'" are now
"branches."  The graph contains more information than just level of
relatedness, however,  The width of a branch indicates the number of
individuals (pixels) or population size in the branch.

It was possible to check the classification of pixels on my tran-
sect at only a few cutof{ values. TFor all of these values the pixels
were either unclassified or in the same (the biggest) cluster,

One further point of interest is that in cach histogram of 10000
points 300,000 pixels were tallied. Only about 13-1/2% of the points in
d4-space had any pixcls associated with them at all. More than 95% of
the 4-tuples were hc]éw the average occupancy of about 30 pixels per
4-tuple. This is consistent with the extreme skewness of the lognormal
distribution which describes this aspect of the data so well (Figure 7).
It indicates a high correlation between the reflectances in the four
spectral bands and sugpests stsihili;icé for cconomizing in computer
memory allocations if the corrclation could be described well analyt-
ically (see Appendix I1 for further modifications and details of the
clustering technique),

The notions of classification used here differ from those used by
other investigators (e.g., Cibula 1972, Colwell et al. 1970). The more
useful approach, particularly in agricultural applications, has heen to

ohserve "test plots,” find their spectral signatures, and assign the



corrvesponding sipgnatures to o classification wrtated with the den

tity of the test plots, For moch agricultural work and some wildl.a

vegpetation the assignment of such a ¢

sification unit from the g

is reasonably clearcut. Natural vegetation is usually not the mone
culture of agriculture and there is much more opportunity for variatio

from one “commupity type' to another,

Under some form of assumption (1), the existence of natural tax-
onomic units defined solely by ERTS data would produce an indication of

the extent to which such variation between co

mity types does eaist

on a geographical scale, cven in a non-agricultural sctting.

Conclusions
The correspondence between different reflectances and differcnces

in vegetation is not a simple correspondence between distance measures

in abstract ectral signature space” and "vegetation space." The
& i £ I

to

interplay between vegetation and spectral signature changes appes
be more complex. The problens take several forms. There is some (ues-
tion about the adequacy of the ground truth obtained; it appears that
the intensity of sampling ( 300 data points per pixel) may have been
inadequate to delimit vepetation differences sufficiently, since the
indicated differences are not large and cannot be readily separated

from possible sampling variability. Of 41 digital picture units (pixels)
along the transcct sampled, there were 38 different spectral signatures,
Other complications to quantifying any correspondences are the senescence

of plants between the time of my sampling and the season of the satellite
1 ) n

data several weeks later, and o mathematical problem of the sort of
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coriespondences such distance measures might be expected to give. These
predlems raree questions about the value of more detailed quantitative
consideration of these data.,

1t appears that while ERTS doces distinguish differences in the
vegpetation of the Maconh Plateau, a "natural" classification of the
data from the platesn and surrounding arcas does not distinguish any

ctative units from along my transcct.

The FRTS data do subdivide into natural units. These units may be
copceived of as spires in a mountain range of pixel frequency over a
4-dimensional space defined by the 4 spectral bands that ERTS monitors,
These units have a high degree of intcgrigy but are basically spires
on a single big mountain, Their existence does not scem to be an artifact
of the data reduction procedurce used although their detailed form is
sensitive to pnrt;cular choice of reduction procedures.

As a method of data summary, the frequency of occurrence of pixels
having given spectiral signatures may be app{oximatcd very well with a

lognormal distribution,



A SEQUENTIAL WAY OF CONDUCTING A

SIMPLE RANDOM SAMPLING OF AN CRDIRED SET

Simple randea sampling is often a desirvable sampling strategy hes

cause the resulting data usually conform well to ass

rptions for sub-

sequent statistical analysis procedures. One of the drawbacks of the

proccdure, however, is the prior organization that it requires. A

simple random sample of points along a line, for ex

mple, usually in-
volves either much back-tracking or a preliminary process of generating
randon numbers and putting thenm in order, followed by the actual sapling

procedurce.  Here I deseribe a techaique for guucr;ling the points in

order from the start, This mey be done in the ficld as sampling is con-
ducted and consequently eliminates both pricr organization of the sam-
pling scheme and repeated back-tracking.

The technique will generate a series of points on a line. Sonc pre-
Huinary caleulations will permit the expeeted number of points sampled

to be predetermined.  If an eaact

aber of points is requived, the
technique may still be used to sample most of the points; i too many

are led some may be randomly removed; if too [ew, some back-

tracking for the remainder of peints becomes unaveidable.
The method is based upen waiting times between randon events,  When

a random variable is uniformly distributed on an interval, the number of
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peints an a cubinterval of fixed leapth is Poisson distributed while the
distunce hetwern ovents is exponentially distributed (Parzen 1960). By

gencrating randon numbers which are exponentially distributed and accum-

sple of points may be gathered from

ulating their st a simple random s

the interval,

Specifically, the density function for the exponentisl distribution
oox/a
is piven by f(x) = ——--- and has an expected value of a (the mean

spacing between prints).  In order to generate random numbers which are
expanentially distributed, uniformly distributed random numbers may be

transformed using the inverse cumulative exponential function (Abrama-

witz and Stegun 1965:950): .

c~x/a
density function f(x) = P , a*0 x>0

cumalative distribution fn. F(x) =1 - c_I/a

u=1]- c-x/u

1t = o_x/“
Iugc (1-u) = -x/a
-n{]nuc (1-u)] = x

inversc cum. exp. function x = -a [1ogc(1-u)]

If uis a uniformly distributed random number O<u<l, then x will
be exponentially distributed on (0,%), but (1-u) is also uniformly
distributed on (0,1), so the required transformation is the negative
of the mean value desired times the natural logarithm of the uniformly
distributed r.v. To gencrate scquential random numbers then procced
as follows:

(1) Gemerate a set of random digits (as in a table of random



nunbers) and consider it a ramdon

1 hetueen O

(2) Look wp its natural logarvithms m

Poultiply it by the s atn
of the desired mean spacing.

(3) Add the resulting

&

value to the position of the previous -

point,

(4) Repeat the process in this fa ient will be

traversed and the points sampled will be a simple randsm samnle of the
points on the segment,

In su

ry:

Let L = length of scpment to be sampled

N = total number of sample points desired
a = L/(N+1} = mean spacing between points

.th ; ; ; £ 3
up =4 uniformly distributed random variable (w-ni-:l
) TR L X . -
X. = 1 exponentially distributed rov. 0ex, <»
1
then

B ] 3 ke L
S. = )‘] a llo,c(ui)] = 5 N floi,t‘{ui]] =

5.

order, of a uniformly distributed sample of expected size N on s

of length L,

Further notes

1. In practice three significant figures is a typical precivion
of measurement for the average spacing. The operation of looking up
natural logarithms and multiplying by a constant may be convenient iv
circunvented by making a graph using semilog paper.  Three eyeles s
probably sufficient.

The graph of the desired transforn

tion is then a straight liae.

The log scale is the u scale and two points for defining the line ray



b conventont 1y taben o v ), x=0

nd u-. 006735, x=5na.

The resulting g pay then be used to read of f the transformed

vialues X, . The running total nay be kept in an inexpensive mechanical
addang machine,

The wae of the praphical methad also permits generating ug of a
constant nunber of significant fipures and deriving from them % of a
con=tant precision. This permits cach X; to have the same number of

decimal places and eliminates the feature of a fixed large value of X,

all--variation is more continuous,

when u, is
1
2, This technique may also be used to systematize 2-dimensional
(3-dim) point sampling, By generating the points for one of the coor-
dinates in order, a systematic path is gencrated through the sample
points which, while it may not be a minimal path, will be a shorter path

than many and represents a "real-time' systematic procedure for accom-

plishing the sampling. -

3. Particularly in the case of sampling orn a line, the resulting
data contain wore information than in a back-tracking procedure. Since
the points are sanpled in order, notes are also sequential and as a
result there is some information about -neighboring points. In some
applications this auxiliary information may be of interest and is a

bonus made possible by the technique described here.



APPENDIX 11,
THE CLUSTERING ALGORTTHM AND MODIFICATIONS

TQ INCREASE TTS VERSAVILITY

The key to clustering algorithms is the identification of pornts
which may be connected by paths. A tree search procedure was uscd to
solve this problen.

Given an array of points already identified as classifiable (1)
or unclassifiable (0), the Jdemon doing the scarch (computer CPUY ex-
amines points and keeps track of where it is using a push-down stack,
Each ncighbor is examined and if classifiable it hvcuﬁvs the initial
peint of a new search with its origin stored in the stack. RKhen it
runs out of classifiable neighbors it returns to the stack for intor-
mation about its origin and vesumes that scarch. As I had hoped, the
classification procedure could be executed very quickly,

Several modifications of the basic technique are potentially de-
sirable. The large amount of data presented by ERTS means that there
is an inherent smoothing of occurrence of spectral signatures.  Further
smoothing p(P) might be desirable.  For this purposc a weighting
function W(P) which fell off rapidly from the point P would work:

plry = w(d(P,PO] P

Pespace
or more generally

- G o
pEspace P+l (P)
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O W) £l 87 very rapidly, only points near to each PU need be

considerad an the cateulations.  No smoothing at all corresponds to
R
] I—I“
W)
) P
0 Bing

Anothier problon with FRIS dmagery is the effect of sun angle. Dif-

ferent sun angles (s on different slopes) may yield different spectral
sipnatures even though the reflectance might be identical under like
illunmiration., As a first order correction to this I suggest approx-
imating the effect of Jower sun angle as that of a necutral density filter
causing lower illumination but of the same spectral quality. An cffect
of this sort could be removed from the data by conversion from the rec-
tangular coordinate system provided by the 4 grey scales to a polar
(hyperspherical) coordinate system. The 3 direction angles would then
define sets of points having the same spectral quality but differing only
in intensity. Identification of all such points (ignoring the radius)
might be too rash a move but sun angle considerations could be readily
handled in that form since most of its effect would be in that one

coordinate,
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